Abstract: Time-dependent Hartree-Fock (TDHF) theory has achieved a remarkable success in describing and understanding nuclear many-body dynamics from nucleons' degrees of freedom. We here report our investigation of multinucleon transfer (MNT) processes employing the TDHF theory. To calculate transfer probabilities for channels specified by the number of protons and neutrons included in reaction products, a particle-number projection (PNP) method has been developed. The PNP method is also used to calculate excitation energies of reaction products. Combined use of the PNP method with a statistical model, we can evaluate MNT cross sections taking account of effects of particle evaporation. Using these methods, we evaluate MNT cross sections for 40, 48 Ca+ 124 Sn, 40 Ca+ 208 Pb, and 58 Ni+ 208 Pb reactions. From systematic analyses, we find that cross sections for channels with a large reaction probability are in good agreement with experimental data. However, the agreement becomes less accurate as the number of transferred nucleons increases. Possible directions to improve the description are discussed.
Introduction
In low-energy heavy ion reactions at around the Coulomb barrier, a variety of phenomena reflecting quantum many-body dynamics are observed. In subbarrier reactions, fusion and transfer as well as quasi-elastic processes take place. The subbarrier fusion process can be regarded as quantum many-body tunneling phenomena between two colliding nuclei. In reactions close to the barrier, a neck is formed between them, providing a pathway of nucleon exchange between the projectile and the target nuclei. The nucleon exchange causes an energy dissipation, a transfer of energy from relative motion of the projectile and the target nuclei into their internal excitations. While fusion reactions are commonly observed in low-energy reactions, they are hindered in heavy systems by the appearance of quasifission processes. Reactions involving superfluid nuclei attract another interest, effects of pairing correlations on nuclear dynamics.
We have been working on multinucleon transfer (MNT) processes, one of phenomena that attracted substantial interests in low-energy heavy ion reactions. The MNT processes become dominant in reactions at energies around and above the Coulomb barrier. Besides curiosity in their reaction mechanisms, the MNT processes have been attracting interests as a new means to produce unstable nuclei whose production is difficult by other methods [1, 2, 3, 4, 5, 6, 7] . For example, it has been discussed to use the MNT reactions to produce neutron-rich nuclei around the neutron magic number N = 126 [8, 9] , which are considered to play a significant role in producing the third peak structure in the solar abundance. Since the values are below, around, and above the critical value, respectively, we expect that different reaction dynamics will be seen in these systems.
Fragment nuclei produced after MNT processes are expected to be highly excited. Measurements are carried out for fragments which are deexcited by emissions of particles and photons. To compare calculated cross sections with measurements, proper treatments of deexcitation processes such as nucleon evaporation and transfer induced fission are required. Because these secondary processes take place in a much longer timescale than that can be simulated by direct time evolution calculations, we should estimate the number of nucleons to be evaporated from an excited reaction product by a method other than the direct TDHF calculations. We will use a statistical model for that purpose. As an input for such statistical calculations, excitation energy of a reaction product in each transfer channel is required. Recently, we invented a method to calculate the excitation energy using the PNP method [30] . We review our theoretical framework, present calculated cross sections including the particle evaporation effect, and compare them with experimental data.
This chapter is organized as follows. In Sec. 2, we present theoretical framework and numerical setting of our approach putting emphasis on the PNP method applied for TDHF wave functions. In Sec. 3, we show results of our TDHF calculations for MNT processes in 40, 48 Ca+ 124 Sn, 40 Ca+ 208 Pb, and 58 Ni+ 208 Pb reactions, for which precise experimental data are available. Effects of particle evaporation on the cross sections are investigated employing a simple statistical model. In Sec. 4, a summary and a future prospect are presented.
Theoretical formalism 2.1 TDHF wave function for heavy ion reactions
We start with considering a TDHF wave function for low-energy heavy ion reactions. We denote the number of nucleons of the projectile and target nuclei as N A and N B , respectively. The total number of nucleons is expressed as N = N A + N B . In TDHF calculations, the many-body wave function of the system is expressed by a single Slater determinant,
where φ i (rσ, t) denotes single-particle wave functions of nucleons where σ denotes the spin coordinate. In this Section, we omit isospin degree of freedom for simplicity. The initial TDHF wave function before the reaction is prepared as a product of two Slater determinants which are the static Hartree-Fock (HF) solutions of projectile and target nuclei, boosted with velocities determined by the initial condition of relative motion. We divide the space into two subspaces referring to the position of two nuclei and define number operators for the two subspaces,N A andN B , bŷ
where Θ τ (r) denotes a space division function defined by
The initial TDHF wave function is apparently an eigenstate ofN τ ,
where τ refers to a subspace either A or B. Here and hereafter, we often use a bracket notation, e.g. Φ(t) ≡ Φ(r 1 σ 1 , · · · , r N σ N , t), to simplify notations. Evolving orbital wave functions by solving the TDHF equation, two nuclei approach to each other. Each single-particle wave function, which initially belongs to either projectile or target nucleus, starts to extend into the other nucleus. We consider cases where binary fragments, a projectile-like fragment (PLF) and a target-like fragment (TLF), are produced after the reaction. At a certain time t = t f at which the binary reaction products are spatially separated, we again divide the space into two, A ′ that includes the PLF and B ′ that includes the TLF. We define the number operators for the subspaces A ′ and B ′ asN A ′ andN B ′ , respectively. The TDHF wave function after collision is generally not an eigenstate of those operators:
where τ = A ′ or B ′ . In the following, we denote the TDHF wave function after collision at time t = t f as Ψ ≡ Φ(t = t f ) omitting the time index. We also denote single-particle wave functions at t = t f as ψ i (rσ). We omit a prime from A ′ and B ′ without confusion.
Particle-number projection method
As described above, the TDHF wave function after collision, Ψ , is not an eigenstate of the operatorN τ but a superposition of states with different mass partitions:
where Ψ n denotes a state in which n nucleons are in the spatial region A and N − n nucleons are in the spatial region B.
The PNP operator is used to extract a component of a given number of nucleons from Ψ . It is given by [24, 25] 
The {τ : A n B N −n } under the summation in Eq. (7) means that the sum is taken for all possible combinations where A appears n times and B appears N − n times in the sequence of τ 1 τ 2 . . . τ N .
Using the PNP operator, the state Ψ n in Eq. (6) can be expressed as Ψ n =P n Ψ . The probability P n that n nucleons are in the spatial region A and the other N − n nucleons are in the spatial region B is given by
When we substitute the PNP operator of the form of Eq. (7) into Eq. (9), we get the formula,
where
To calculate P n using this formula, determinants of the matrix ψ i ψ j τ need to be calculated as many as N C n . Calculations of the determinants become quite difficult once the total number of nucleons in the system, N , becomes large.
When we use the PNP operator of the form of Eq. (8), we get alternative formula given by
where B(θ) denotes an N -dimensional matrix,
The integral over the phase θ in Eq. (11) can be carried out using the trapezoidal rule discretizing the interval into a uniform grid. Using this formula, the number of calculations of the determinants required to obtain P n is the number of discrete points M to carry out the integral numerically, and is independent of the total number of nucleons in the system. We have found that M = 200 is sufficient for the systems analyzed in this chapter.
Expectation values in particle-number projected states
In the particle-number projected wave function, Ψ n , two reaction products are included: a PLF composed of n nucleons inside the spatial region A and a TLF composed of N − n nucleons inside the spatial region B. In this subsection, we present a method to calculate expectation values of operators for one of the reaction products included in Ψ n [30] .
We first introduce a decomposition of operators according to the spatial region in which the operator acts. For local one-body operators,Ô (1) , it is rather trivial:
denotes a one-body operator which acts only when a nucleon is in the spatial region τ . For local two-body operators,Ô (2) , we decompose aŝ
whereÔ (2) τ denotes a two-body operator which acts only when both two nucleons are in the spatial region τ , whileÔ (2) AB denotes a two-body operator which acts when a nucleon is in the spatial region A and the other nucleon is in the spatial region B. We note that, when the PLF and the TLF are separated by more than a distance of nuclear force, only long-ranged Coulomb interaction between protons contribute toÔ (2) AB . The expectation value of the operatorÔ for the reaction product which is composed of n nucleons and locates inside the spatial region A is given by
Using the PNP operator of the form of Eq. (8), we can evaluate the expectation value of Eq. (15) as
where Ψ (θ) denotes a Slater determinant composed of the following single-particle wave functions,ψ
We note that, because ψ i (θ) are bi-orthonormal to ψ i , i.e. ψ i ψ j (θ) = δ ij , calculations of matrix elements, Ψ Ô A Ψ (θ) , can be carried out easily. In practical calculations, we need to perform the PNP for both neutrons and protons.
We use Eq. (16) to evaluate the excitation energy of a reaction product for every transfer channel. As an operator, we consider the Hamiltonian for the reaction product inside the spatial region A,Ĥ A =T A +V Skyrme A . Putting it into Eq. (16) (more precisely, using the corresponding formula of the Skyrme energy density functional kernel), we evaluate the energy expectation value of the reaction product composed of N neutrons and Z protons, which we denote as E A N,Z . To remove the energy associated with a translational motion, we make a Galilean transformation for the single-particle wave functions, moving to the rest frame of the reaction product inside the spatial region A. The excitation energy of the reaction product is evaluated by subtracting the ground state energy,
MNT cross sections with evaporation effects
For a given incident energy E and impact parameter b, we have a TDHF wave function after collision, Ψ(E, b). We can calculate the probability for a production of a nucleus having N neutrons, P N (E, b), and that having Z protons, P Z (E, b), using Eq. (11) . The probability producing the reaction product having N neutrons and Z protons is given by
Integrating it over the impact parameter, we obtain the corresponding cross section,
where b min denotes the minimum impact parameter at which we observed binary reaction products after collision. The above formula gives us the MNT cross sections in which the numbers of neutrons and protons correspond to those immediately after the fragments are formed. Reaction products of MNT processes immediately after the separation are highly excited, especially for collisions at small impact parameters. Therefore, a proper evaluation of effects of secondary disintegration processes is necessary. Since these processes take place in a much longer timescale than the timescale producing binary fragment nuclei, we treat the effect by a statistical model.
As a first investigation [31] , we have taken a simple statistical model of particle evaporation developed by I. Dostrovsky and his coworkers [32] . In this model, evaporation of neutrons, protons, deuterons, tritons, 3 He, and 4 He are taken into account. As an input, this model only requires the excitation energy of the nucleus, E * . Using this model, we evaluate evaporation probabilities, P n,z N,Z [E * N,Z ], emitting n neutrons and z protons from the nucleus composed originally of N neutrons and Z protons with excitation energy E * N,Z . The MNT cross sections incorporating the evaporation effects are then given by
where the summation over n and z is taken for all possible numbers of evaporated nucleons. Excitation energy E * N +n,Z+z (E, b) is calculated by employing Eq. (18).
Numerical details
We have developed our own TDHF code for heavy ion reactions [33] . In the code, singleparticle wave functions are represented on a uniform grid in three-dimensional Cartesian coordinates without any symmetry restrictions. We set the mesh spacing to be 0.8 fm. We use 11-point finite-difference formula for the first and second derivatives. For time evolution calculations, we utilize the 4th-order Taylor expansion method in operating the time propagation operator. Coulomb potential is calculated employing the Hockney's method [34] where Fourier transformations are performed in a box with the side length two times larger than the simulation box to obtain the potential of isolated boundary condition. To prepare 
Results
We use the Skyrme energy density functional, SLy5 parameter set. To obtain ground states, we first perform constrained Hartree-Fock calculations with deformation parameters β = 0, 0.1, and 0.2, and γ = 0
• , 30
• , and 60
• . We then remove these constraints and re-minimize the energy. Among solutions, we regard the minimum energy solution as the Hartree-Fock ground state. The ground states of 40, 48 Ca and 208 Pb are spherical, while 124 Sn and 58 Ni are found to be oblate and prolate shapes, respectively, with β ∼ 0.11 for both systems. In collision calculations, the symmetry axis of these deformed nuclei is set perpendicular to the reaction plane of our TDHF calculations. In Ref. [25] , we showed that reaction processes do not depend much on the direction of the deformation for 40 Ca+ 124 Sn reaction.
The relative motion between the PLF and the TLF after the collision is characterized by the deflection angle Θ and the total kinetic energy loss (TKEL). They are calculated in the following way. At a certain time t = t f after the collision, we consider two spheres around the center-of-mass of two reaction products, R τ (t f ) (τ = A or B), with a radius 10 fm for the PLF and 14 fm for the TLF. Integrating densities of neutrons and protons inside the spheres, we evaluate the average number of nucleons, A τ (t f ), and protons Z τ (t f ). The reduced mass of the reaction products is given by
where M τ = A τ m and m is the nucleon mass. Using the relative vector R(t) = R A (t)−R B (t) and its time derivativeṘ(t) = R(t + ∆t) − R(t − ∆t) /(2∆t), we evaluate the total kinetic energy (TKE) of outgoing fragments at infinity which is given by,
The TKEL is given by TKEL = E rel − TKE, where E rel is the incident relative energy. The deflection angle Θ can be extracted from R(t f ) andṘ(t f ) assuming that relative motion continues along the Coulomb trajectory for t > t f . Snapshots of the density on the reaction plane for 58 Ni+ 208 Pb reaction at E lab = 328.4 MeV and b = 1.39 fm. The figure was taken from Ref. [25] .
In Fig. 1 Pb (e, f), as functions of the impact parameter. When the impact parameter is sufficiently large, the deflection angle coincides with that of the Coulomb trajectory. As the impact parameter decreases, the deflection angle becomes smaller because of the nuclear attractive interaction. As shown in Ref. [25] , the Coulomb rainbow angles agree reasonably with a peak position of measured angular distributions.
The TKEL increases as the impact parameter decreases for all systems, as the deflection angle starts to deviate from the Coulomb trajectory. 40, 48 Ca+ 124 Sn reflect that they are easily fused when two nuclei touch even slightly. As the charge product Z P Z T increases, fusion suppression takes place. At a small impact parameter region, two nuclei collide more deeply and form a thick neck structure. Since two nuclei depart after forming the thick neck, produced fragments are highly excited and the TKEL becomes large for 40 Ca, 58 Ni+ 208 Pb reactions. We note that the TKEL is almost constant for a certain range of impact parameter for 58 Ni+ 208 Pb, indicating a full momentum transfer in this system. In Fig. 2 , we show snapshots of the density for the 58 Ni+ 208 Pb reaction at E lab = 328.4 MeV and b = 1.39 fm. In this reaction, a formation of thick neck is seen during the reaction. Figure 3 shows average number of transferred nucleons and N/Z ratio as functions of impact parameter for four systems, 40 Ca+ 124 Sn (a, b), 48 Ca+ 124 Sn (c, d), 40 Ca+ 208 Pb (e, f), and 58 Ni+ 208 Pb (g, h). In panels (a,c,e,g), a plus sign indicates that nucleons are transferred from target to projectile, while a minus sign indicates opposite. As seen from the panels, we find that neutrons are always transferred from the target to the projectile. Protons are transferred opposite, from the projectile to the target at large impact parameter region. However, the direction of the proton transfer changes at small impact parameter region.
From panels (b,d,f,h), we find that transfers proceed toward the N/Z equilibrium between the projectile and the target nuclei. Since the 48 Ca+ 124 Sn is very close to the N/Z equilibrium from the beginning, a very small number of nucleons are transferred on average as seen in Fig. 3 (c , have a relatively large N/Z asymmetry. The direction of the nucleon transfer except for protons at small impact parameter is consistent with the direction expected from the initial N/Z ratios of the projectile and the target nuclei.
As the charge product Z P Z T increases, binary fragments are produced even at a small impact parameter, because of the suppressed fusion reaction. In such collisions, we find a Pb reactions, the number of transferred neutrons increases monotonically, while the number of transferred protons first increases and then decreases. At a certain small impact parameter, the number of transferred protons changes its sign. At a very small impact parameter region, both neutrons and protons are transferred toward the same direction, from target to projectile. This change in the transfer behavior is related to the thick neck formation. When the neck is broken, nucleons in the neck region are absorbed by one of the fragments. Because the neck is composed of both neutrons and protons, the absorption of the nucleons in the neck results in transfer of neutrons and protons in the same direction.
Using the PNP method, we obtain probability for each transfer channel as a function of the impact parameter from the TDHF wave functions after collision. As an example, we show transfer probabilities for As seen from the figure, one-neutron transfer probability (+1n, green dashed line in (a)) has a long tail up to 8 fm. One-proton transfer probability (−1p, green dashed line in (c)) shows somewhat shorter tail compared with that of neutron. As the impact parameter decreases, transfer probabilities for various transfer channels become appreciable. The +xn in (a) indicates that x neutrons are transferred from 208 Pb to 58 Ni. The −xp in (c) indicates that x protons are transferred from 58 Ni to 208 Pb. The probabilities of neutron transfer in opposite direction are very small and are not shown. At a impact parameter region smaller than 3 fm shown in panels (b) and (d), we find probabilities of many-neutron transfer from 208 Pb to 58 Ni, up to transfer of 13 neutrons. For protons, we find probabilities of transfer of up to 5 protons from 208 Pb to 58 Ni. The direction of transfer of neutrons and protons are consistent with the observation in Fig. 3 (g) . Namely, neutrons and protons are transferred in opposite directions at a large impact parameter region, toward the charge equilibrium of the system. At a small impact parameter region, neutrons and protons transfer toward the same direction.
In Figs. 5 to 9, we show MNT cross sections, 40 Ca+ 124 Sn at E lab = 170 MeV in Fig. 5 Pb at E lab = 328.4 MeV in Fig. 9 . In all Figures, red points show experimental data, red-solid lines show calculated cross sections without the evaporation effects, and blue-dotted lines show calculated cross sections with the evaporation effects. We first compare calculated cross sections before taking account of the evaporation effects, given by red-solid lines, with measured cross sections. The cross sections for channels with small number of transferred nucleons are reasonably reproduced by the calculation for all systems. Except for 48 Ca+ 124 Sn reaction where N/Z ratio is similar between the projectile and the target, cross sections are dominated by the transfer of protons from lighter to heavier nuclei. As the number of transferred protons increases, measured cross sections as a function of the neutron number of the PLF show peaks at less than that of the projectile. This indicates that both protons and neutrons are transferred in the same direction. However, in TDHF calculations without taking account of evaporation effects, the peak position locates at the neutron number more than that of the projectile. As a possible origin of the discrepancy, we mentioned the effect of evaporation from excited fragments [25] .
The cross sections taking account of evaporation effects are shown by blue-dotted lines. As seen from figures, the discrepancy is improved to some extent. However, the shift by the evaporation effect is not sufficient to fully remove the discrepancy. In other approaches such as the GRAZING, there remain discrepancies even after the evaporation effects are included, consistent with the present results. We consider the discrepancy suggests significance of the correlation effects that require description beyond the TDHF theory. We note that recently the same analysis was performed for an asymmetric system, 18 O+ 206 Pb, at an above barrier energy, which shows similar discrepancy [35] .
The limitation of accuracy of the TDHF calculations comes from the fact that, for a collision specified by the impact parameter and the energy, there is only one mean-field that is used to evolve the system. From Fig. 3 , we see that we have trajectories in which at most two protons are transferred (−2p), on average, from the projectile to the target. From Pb (E lab =235 MeV) (+4p) 16 20 24 28 32 (+3p) 16 20 24 28 32 (+2p) 16 (0p) 16 20 24 28 32 (-1p) 16 20 24 28 32 (-2p) 16 these solutions, we extract probabilities accompanying up to 6 protons (−6p) by the PNP method. When the average number of transferred protons is about two from the projectile to the target, we find about two neutrons are transferred (+2n) from the target to the projectile. Because of this, our calculation results in the cross sections which show a peak at the two neutron transfer (+2n), irrespective of the number of proton transfers. To further improve the description, we need to employ the theory which goes beyond the TDHF theory, such as the method of Balian-Vénéroni [36, 37] , the stochastic mean-field [38, 39, 40, 41, 42, 43] model, and the time-dependent generator coordinate method (TDGCM) [44, 45] .
Summary and prospect
In this chapter, we reviewed our recent attempt to investigate multinucleon transfer (MNT) processes by the time-dependent Hartree-Fock (TDHF) theory combined with the particle-number projection (PNP) method. The TDHF theory has been successful to investigate nuclear many-body dynamics. Owing to a continuous development of computational facilities, it becomes possible to conduct systematic TDHF calculations for various systems with different initial conditions. The PNP method enables us to analyze the TDHF wave function after collision, providing reaction probabilities for a specific channel specified by the number of nucleons involved in the fragments.
As typical examples, we showed analyses of MNT processes in 40, 48 As the charge product of the projectile and the target nuclei, Z P Z T , increases, we found that the two nuclei are once connected by forming a thick neck and then reseparate. When the thick neck ruptures, nucleons inside the neck are absorbed by one of the fragments, resulting in transfers of many neutrons and protons toward the same direction. We consider that this neck breaking process is a precursor of quasifission process which dominates in small impact parameter collisions between heavy nuclei.
For each transfer channel specified by the number of neutrons and protons included in reaction products, we evaluate transfer probabilities and excitation energies of the reaction products by the PNP method. We also evaluate evaporation probabilities of excited fragments employing a statistical model. Using these quantities, we calculate production cross sections of each reaction product including effects of particle evaporation. The obtained cross sections are compared with measurements.
From the comparisons, we have found that the TDHF theory nicely reproduces measured cross sections when the number of transferred nucleons is small. As the number of transferred nucleons increases, however, we have found that the accuracy of the TDHF theory to reproduce measured cross sections is reduced. Although the inclusion of the evaporation effects has improved the agreement between experimental and calculated results, the calculations still substantially underestimate the cross sections when a number of nucleons are transferred. This failure indicates a necessity of improving the theoretical framework.
We are now extending our study toward quasifission-induced MNT processes in a collision between heavy nuclei. In such reactions, disintegration processes of not only particle σ tr (mb) evaporation but also transfer-induced fissions should be considered. Since the PNP method allows us to evaluate expectation values of any observables of reaction products for each transfer channel, we plan to use them in sophisticated statistical models, such as PACE, CASCADE, GEMINI, or HIVAP, to evaluate effects of secondary processes on measurable cross sections. Finally we would like to mention possible directions to improve theoretical descriptions of MNT processes. A well-known limitation of the TDHF calculation is the fact that it employs a single mean-field in the time evolution calculation for a given initial condition, although we extract reaction probabilities of different numbers in the fragments from the solution. To include the difference of the mean-field for transfer channels, the time-dependent generator coordinate method (TDGCM) [44, 45] will be useful. Although practical applications of the TDGCM to heavy ion reactions are challenging, it should be a promising extension for MNT reactions. We note that the pairing correlation is not taken into account in the present calculation employing the TDHF theory. The time-dependent Hartree-FockBogoliubov (TDHFB) theory will definitely provide useful information to this direction [46, 47, 48, 49, 50, 51] .
Recently, a gamma-ray spectroscopic study of reaction products of MNT reactions has become feasible [52, 53] . Although we have only achieved number projection in the present work, our method can be extended to include parity and angular momentum projections [54] . Calculations and making comparison with experimental data will provide us rich information on microscopic reaction mechanisms.
